Cosmological Spinning Multi-'Black-Hole' Solution in String 

Theory 

Tetsuya Shiromizu 

DAMTP, University of Cambridge 
. . . Silver Street, Cambridge CBS 9EW, United Kingdom 

a^ 

Q>^ I Department of Physics, The University of Tokyo, Tokyo 113-0033, Japan 

and 
Research Centre for the Early Universe(RESCEU), 
r^ \ The University of Tokyo, Tokyo 113-0033, Japan 

OA ' (Received ) 

We give a cosmological spinning multi-'black-hole' solution in the Einstein-Maxwell- 
Dilaton-Axion theory with a positive cosmological constant. This solution is the cosmological 
^ ' dilatonic Israel- Wilson-Perjes solution and describes the collision of several spinning 'black- 

\0 ' holes'. 



Oh 



A cosmological multi-black hole solution has been discovered by Kastor and 
TraschenEl)(KT solution) in the Einstein-Maxwell theory with a positive cosmological 
constant yl(EM-yl). The solution describes collisions of several black holes(BHs) in 
asymptotically deSitter space-times. It is worth noting that the solution is the 
first exact solution such that describes BH-BH collision. It also provides the test 
of the cosmic censorship ©'u) and cosmic no-hair conjecturescP in the inflationary 



D . universelS*. 

'^ ' One may be greatly interested in the spinning version of the KT solution because 

the rotating cases are generic. Apart from the cosmological cases, the spinning 
^ . multi-soliton solution was found by Israel & WilsonQ) and PerjesEP(IWP solution) in 

H I asymptotically flat space-times. Unfortunately, the solution has naked singularities 

due to the force balance condition Q = M. On the other hand, we can expect that 
there are cases without singularities in asymptotically deSitter space-times even if 
Q = M. This expectation relies on the causal structure of the single Kerr-Newman- 
deSitter space-time. So we can obtain the physical advantage of the cosmological 
version because of no singularity. 

The existence of the spinning multi-soliton solution is deeply related to the force 
balance up to the gravitational snin-spin interaction. The force cancellation has been 
confirmed for the IWP solution eP. The present author and Gen also showed that 
the force cancellation holds between a probe particle and the Kerr-Newman-deSitter 
space-time EP. This observation strongly encourages us to find a new cosmological 
spinning multi-black-hole solution, that is, the spinning version of the KT solution. 
In this Letter, however, we will give an exact solution in the four dimensional 
Einstein-Maxwell-Dilaton-Axion(EMDA) theory with a positive yl(EMDA-yl) which 
describes a low energy string theory except for a positive A. The construction of 

typeset using VTpJ^.sty <ver.0.8> 



Letters 



the solution is motivated by the chiral null niodelUSP in five dimensions. In the four 
dimensional EJMDA theory without the cosmological^x)nstant, there is the dilatonic 
IWP solution liiP where the force cancellation holdsHa'. Via a certain dimensional 
reduction the solution turns out to be embedded into the chiral null model in five 
dimensions 113) . Therefore we realise that it is better that we think of an exact solution 
in five dimensions and we are bearing the chiral null model spirit in mind. By virtue 
of the spirit, it is more easy to handle the EMDA-Zl theory than the EM-yl theory. 
In the Einstein frame the action of the four dimensional EMDA-yl theory is 



Si 



<fx. 



-9 



R - 2(V0)2 - e-2*F^,F^^ - ^e" 



.^A 






(1) 



where (p, F^^, and Hfj_y(j are the dilaton, field strength of the electromagnetic and 
three form tensor fields, respectively. In this paper, A is assumed to be a positive 
constant. 

Firstly, we give the expression of the exact solution without the explanation of 
the derivation. The metric g^^, vector potential A^ and the three form H^j^fj are 



g^udx^dx'^ = o^ 



-F{dT + i^idx'f + F~^6ijdx'dx^ 



(2) 



and 



where 



A = —j={dT + usidx") 
v2 



F-^ = 1 + Re 



a; = Re 



E 



y Mi 




'^—'a'^lx — Xj\ 


Ni 1 




a?'\x — Xi\_ 





(3) 
(4) 
(5) 
(6) 



and the relation between uji and the above harmonic function u) is given by 

eijkdjUJk = diio. (7) 

Mi and Ni are real parameters. Xi are complex constant vectors. The dilaton field 
is 

F 



„2</. 



i2- 



a is the function of the time coordinate r so that 

a{T) = e^o". 



(8) 
(9) 
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where Hq := ±\/Al2.. This solution apparently induces the non-cosniological dila- 
tonic IWP solutionlliP in the limit of Hq = 0. It also does the non-rotating dilatonic 
KT solutionEJ^'EJ) in the limit of A'j = and the real Xi. 

We can directly check that Eqs. (2)~(9) satisfy the field equations derived from 
the action of Eq. (1). However, as we said, our construction is inspired by the chiral 
null model in five dimensions. So we will guide our trace here. The action(Eq. (1)) 
can be obtained from the five dimensional theory as follows. The five dimensional 
low energy string action is given by 



S, 



d^xV^ 



Rg + Wm'/'V 



M . 



12 



-H'-A 



-2<t> 



(10) 



where M = y, 0,1, 2,3, H'^ = HukH^''^ and Hjjk = Sd^jB 
Klein-like manner as 



JK]- 



GuNdx^Ux^ = {dy + V2A^dx^'f + g^^dx^'dx", 
we obtain the four dimensional action 



In the Kaluza- 



(11) 



j4 / — ~ 

d x\/—g 



R + 4^'- V^,^V,0 - ^g'"'r^g'''H^^,H,^„ 



fM.i' ^cij3 



rr'F^o.F.p - A 



-24> 



(12) 



where F^^, = df^A^ — d^A^, Hf^^^j = Sd^^B,^^-^ +2A:Ay^dyA^^ and we assumed that all of 
fields do not depend on the coordinate y. Finally, rewriting the action in the Einstein 
frame where we can move to there by the conformal transformation, g^y = e^'^g^j^y, 
we obtain the action of Eq. (1). 

Inspired by the chiral null mode, we can set 



g^ydx'^dx" = -F^{dT + oJidx^Y + Sijdx'^dx^ 



(13) 



A 



V2 



{dr + LUidx^) 



(14) 



and 



B 



fj-y 



-V2A, 



(15) 



5, 



flU 



(16) 



In fact, in a cerljajn case, the chiral null model form of the Lagrangian for the string 
theory becomes cJ^ 

L = Fdu[dv + F~^du + 2u;idx'] + dx'dxi 
= -F'^{dT + uJidx')(dT + LO.^x') + {dy + Fdr + FuJidx')(dy + Fdr + Fcoidx') 
+F{dydT - drdy) + FtOiidydx' - dx%) + dx'dxi, (17) 
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where d = d+ and d = d^. From the first to the second and third hne, we set u = y 
and V = 2r. Here Wj is assumed to satisfy tijkdjUJk = diUJ, where uj a harmonic 
function. Since we are considering the system with a positive cosmological constant 
and this system is not exactly string theory, we remind readers that the chiral null 
model gives just reference to manage the problem. In the actual chiral null model 
F does not depend on the coordinates y and r. On the other hand, F does on r 
in the present study. Comparing the second line of Eq. (17) with the string action, 
L = {Gmn + BMN)dX^^dX^ , we see that Eqs. (13), (14), (15) and (16) together 
with Eq. (11) are plausible arranging. 

Using Eqs. (11) and (13), the five dimensional metric of Eq. (11) becomes 

GMNdx^Ux^ = dy'^ + 2FdydT + 2Fujidydx' + Sijdx'dxK (18) 

Equations which we should solve are derived by the variational principle of the action 
(10), 

diiV^e-^'f'H^''^) = (19) 

VmV*V - Vm0V*^</. + \(Rg- ^H^ -a\=0 (20) 

and 

Rmn - ^GmnRg + 2Va/Vjv0 - 2GmnVkV^(J) + 2Gm7vVx</>V^(/. 

~j[^M Hnij — -GmnH \ + -Gmn^ = 0. (21) 

Substituting Eq. (20) into Eq. (21) the Einstein equation is simplified as 

Rmn + 2Va/V^(/. - -Hj^^Hnij = 0. (22) 



First of all, we assume 



e^^ = ^, a(r) = e^«" (23) 



and 

dr{a^F-^) = 2Hoa^. (24) 

thanks to the dilatonic KT solution EJ^'llS. Eq. (19) yields 

dria'^iOi) = (25) 

did'F-^ = (26) 

and 

dria^diF-^) = (27) 
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From Eq. (26) we can see that F^^ is a harmonic function. Eqs. (25)~ (27) have the 
solution with Eqs. (5) and (6). We can check in straightforward way that Eqs. (5) 
and (6)satisfy the rest equations (20) and (22). As a result, we obtain the solution 
of Eqs.(2)~(9) in the Einstein frame. 

In the same way as the non-rotating dilatonic KT solutionOj), we can see that 
the solution given by us here, the rotating dilatonic KT solution, has the timelike 
singularities which surrounds solitons. This is the reason why we say dashed 'Black 
Hole' in the title and the abstract of this paper. Rigorously speaking, the solution 
does not describe black holes. However, this type might be interpreted as a non- 
singular solution in a higher dimensions as Gibbons, Horowitz and Townsend have 
donella). 

In this Letter, for simplicity, we considered the EMDA-yl theory where we can 
be bearing the chiral null model spirit in mind. And now we could find the spinning 
version of the dilatonic KT solution. Thus, we surely expect that the spinning 
non-dilatonic solution exists as well as our present solution. We may think that 
the spinning version of the KT solution in the EM-yl theory is free from naked 
singularities because the KT solution in the pure Einstein-Maxwell theory is like that. 
Aided the study of the force balance up to the gravitational spin-spin interactional, 
we think that the present work can encourage us to find a spinning version of the 
KT solution in the EM-yl theory. Hopefully, we would like to discover the exact 
solution in near future. At the same time, the comprehensive features such as the 
global structure and the symmetry like supersymmetry should be reported together 
with the features of the present rotating dilatonic KT solution if there is. 
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